Abstract. We recall the Riemannian Penrose inequality, a geometric statement that restricts the asymptotics of manifolds of nonnegative scalar curvature that contain compact minimal hypersurfaces. The inequality is known for manifolds of dimension up to seven. One source of motivation for the present work is to prove a weakened inequality in all dimensions for conformally flat manifolds. Along the way, we establish new inequalities, including some that apply to manifolds that are merely conformal to a particular type of scalar flat manifold (not necessarily conformally flat).
Introduction
The positive mass theorem (PMT) is a beautiful result on the geometry of manifolds of nonnegative scalar curvature. For instance, it implies a scalar curvature rigidity statement for Euclidean space, and is a crucial ingredient in the solution of the Yamabe problem [18] . The PMT was first proved by Schoen and Yau in dimensions three through seven [19, 20] , and later by Witten for spin manifolds [24] in dimensions three or greater. In section 2 we recall the relevant definitions.
Theorem 1 (Positive mass theorem). Let (M, g) be a complete, asymptotically flat Riemannian n-manifold without boundary, with either 3 ≤ n ≤ 7 or M a spin manifold. Suppose (M, g) has nonnegative scalar curvature, and ADM mass m. Then m ≥ 0, and m = 0 if and only if (M, g) is isometric to R n with the flat metric.
The well-known physical interpretation of the PMT is that, in an (n + 1)-dimensional Lorentzian spacetime obeying the dominant energy condition, any totally geodesic "spacelike slice" (Riemannian submanifold of dimension n) has nonnegative total mass m ADM (see [5, 20] for instance).
An important generalization of the PMT is the Riemannian Penrose inequality (RPI), proved as stated below by Bray [5] (for dimension n = 3) and later by Bray and Lee [9] (for 3 ≤ n ≤ 7). Huisken and Ilmanen gave a proof for n = 3, with |Σ| g replaced by the area of the largest connected component of ∂M [12] . The Bray and Bray-Lee proofs rely on the PMT, while the Huisken-Ilmanen approach provides an independent proof of the PMT for n = 3. 
We say Σ is area-outer-minimizing if every surface enclosing Σ has area at least as large as Σ. The typical physical interpretation of the RPI is as follows (see [5] for more details): view (M, g) as a totally geodesic spacelike slice of a spacetime obeying the dominant energy condition. Each component of the minimal boundary ∂M is the apparent horizon of a black hole. The number 1 2 |Σ|g ω n−1 n−2 n−1 represents the total "mass" of the collection black holes.
Thus, the RPI states that the total mass of (M, g) is at least the mass contributed by the black holes.
We are motivated primarily by two questions:
• Is there evidence to support the RPI in high dimensions?
• Is there a more elementary proof of the RPI for metrics with special properties, such as conformal flatness?
To put these questions in context, first note that a proof of the PMT in all dimensions would not automatically imply the RPI in all dimensions via the Bray-Lee approach. Indeed, there are additional complications in higher dimensions pertaining to the singularities of areaminimizing hypersurfaces. Second, for conformally-flat metrics, the positive mass theorem has a very elementary proof in all dimensions, essentially following from Stokes' theorem (see [4] for instance). We also refer to reader to the work of Bray and Iga, who proved a version of the RPI for conformally-flat metrics in dimension three, with suboptimal constant [6] . We also mention the recent work of Schwartz and Schwartz-Freire on a "volumetric" Penrose inequality [21, 22] for conformally flat manifolds, and that of Lam, who gave a complete picture of the PMT and RPI in all dimensions for graphical submanifolds of R n+1 [13, 14] . The present paper is organized as follows. In the next section, we recall the definitions of asymptotic flatness and ADM mass. Section 3 states and proves some Penrose-like inequalities for metrics that are conformal to a special background metric. In Theorem 5, the background manifold is Euclidean space minus a union of domains, and the area on the right-hand side is replaced with the Euclidean area of the boundary. Theorem 7 is a generalization, allowing for the background to be any asymptotically flat, zero scalar curvature manifold that agrees to first order with the Euclidean metric on its compact boundary. Finally, Theorem 8 is a further generalization that allows for possibly negative scalar curvature.
In section 4, we recall the notion of a zero area singularity, or ZAS, which can loosely be viewed as a negative-mass black hole [7, 16] . While of less physical interest than black holes, ZAS are natural objects to study in a geometric context. Theorem 10 is a type of Penrose inequality for ZAS contained in conformally flat manifolds. Such an inequality is unknown in general (without conformal flatness), even in low dimensions.
In section 5, we discuss a conjectured inequality for asymptotically flat manifolds that contain both minimal surfaces and zero area singularities. We apply the techniques of the previous sections to prove a weaker version of the inequality in the conformally flat case, under an additional technical assumption.
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Preliminaries: asymptotic flatness and ADM mass
Experts may prefer to skip this brief section.
Definition 3. A smooth, connected, Riemannian manifold (M, g) (possibly with compact boundary) of dimension n ≥ 3 is asymptotically flat (with one end) if
(where B is a closed ball), and (ii) in the "asymptotically flat coordinates" (x 1 , . . . , x n ) on M \ K induced by Φ, the metric g obeys the decay conditions:
for |x| = (x 1 ) 2 + . . . + (x n ) 2 sufficiently large and all i, j, k, l = 1, . . . , n, where c > 0, p > n−2 2 , and q > n are constants, δ ij is the Kronecker delta, ∂ k = ∂ ∂x k , and R is the scalar curvature of g.
n−2 g for a smooth function u, where g and g are asymptotically flat metrics. This implies in particular that u → c uniformly at infinity (for some constant c > 0), |∇u| g = O(r −(p+1) ), and ∆u = O(r −q ), where ∇ and ∆ are the gradient and Laplacian with respect to g. For later reference, we note that |∇u| 2 g and ∆u are integrable functions on (M, g).
Next, we recall the definition of the ADM mass [1] , a number associated to any asymptotically flat manifold, which provides a measure of the rate at which the metric becomes flat near infinity. Bartnik proved that the ADM mass is a geometric invariant [2] . 
where (x i ) are asymptotically flat coordinates, S r is the coordinate sphere {|x| = r}, and ω n−1 is the area of the unit sphere in R n .
Inequalities for black holes
Let Ω ⊂ R n be a bounded open set with smooth boundary ∂Ω. Recall that Ω is meanconvex if ∂Ω has nonnegative mean curvature in the outward direction. Ω is star-shaped if there exists a point x 0 ∈ Ω such that for each x ∈ Ω, the line segment from x to x 0 is contained in Ω.
Our first result is a Penrose-like inequality in all dimensions for conformally flat, asymptotically flat metrics on the complement of Ω. 
where A i is the Euclidean area of the ith connected component of ∂Ω, ω n−1 is the Euclidean area of the unit (n − 1)-sphere in R n , and dV g is the volume form of (M, g).
Note that the class of metrics considered above includes, for instance, the Schwarzschild metric of mass m > 0: choose Ω to be the ball of radius
about the origin, and take the following metric on M = R n \ Ω:
Before presenting the proof, we state some immediate consequences:
Corollary 6. Under the hypotheses of Theorem 5, we have the following Penrose-like inequalities
where A is the Euclidean area of ∂Ω, V is the Euclidean volume of Ω, and β n is the Euclidean volume of the unit n-ball in R n .
In the course of the proof, we will see that (2), (), and (4) are not sharp. In the model case in which Ω is the unit n-ball and g is a Schwarzschild metric, the estimates are suboptimal by a factor of two.
Remarks.
• Inequality (3) deceptively appears to be a factor of two stronger than the Riemannian Penrose inequality (1) -but this is not the case, since A is the area of ∂Ω with respect to the Euclidean metric, not with respect to g. However, note that we did not assume Σ is area-outer-minimizing in (M, g).
• If Σ is assumed to be area-outer-minimizing in (M, g), then inequalities (3) and (4) do follow from the RPI (in dimensions 3 ≤ n ≤ 7).
• Inequality (4) is the volumetric Penrose inequality recently proved by Schwartz without the star-convexity assumption [21] (c.f. [22] ).
Proof of Theorem 5. The scalar curvature R g of the conformally flat metric g = u 4 n−2 δ is given by the formula
where ∆ = div grad is the Euclidean Laplacian. Therefore the hypothesis of nonnegative scalar curvature translates to ∆u ≤ 0. Integrate ∆u by parts (with respect to the Euclidean metric) over the region B r in M bounded by a large coordinate sphere S r of radius r:
where dV , dA and ν are the volume form, area form, and unit normal with respect to the Euclidean metric. In both cases, ν is chosen to point toward infinity, and ∂ ν is the directional derivative with respect to ν. Since R g is integrable with respect to g (from the definition of asymptotic flatness), formula (5) and the fact u → 1 at infinity proves that ∆u is integrable with respect to δ. Thus, we may take lim r→∞ of the above. Multiplying by an appropriate constant, we have
It is straightforward to check that the left-hand side is the ADM mass m of (M, g). Moreover, formula (5) and the fact that the volume form dV g of g equals u 2n n−2 dV reduces this to:
where m = m ADM (g). Using the conformal transformation law for the mean curvature and the hypothesis that ∂M has zero mean curvature with respect to g, we have:
where H is the Euclidean mean curvature 1 of ∂Ω; this may be rearranged to
Hu.
Combining (6) and (7), we obtain:
having used the fact u ≥ 1 (which follows from the maximum principle, noting that u is a superharmonic function that is one at infinity and has ∂ ν (u) ≤ 0 on ∂M ; c.f. Lemma 11 of Schwartz). We apply the "Minkowski inequality" relating the integral of mean curvature of ∂Ω to its boundary area 2 . Let Ω 1 , . . . , Ω k be the connected components of Ω with boundaries Σ 1 , . . . , Σ k . Since we assume Ω i is mean-convex and star-shaped, a theorem of Guan and Li [11] shows
for each i = 1, . . . , k. Combining this with (8) and noting ∂M = Σ 1∪ . . .∪Σ k , we have
Remarks. There is precedent for using the Minkowski inequality to prove Penrose-like inequalities; for instance, see the work of Gibbons on collapsing shells [10] and Lam on the case of graphs over R n \ Ω [13] .
Proof of Corollary 6. Inequality (3) follows immediately, since the weighted integral of scalar curvature is nonnegative, and
To prove (4), simply follow (3) by the classical isoperimetric inequality [15] for Ω:
We conclude this section by remarking that it may be possible in Theorem 5 and Corollary 6 to merely assume that Ω is area-outer-minimizing in R n (instead of mean-convex and starshaped). The missing ingredient is the Minkowski inequality (9) for such domains. Such an inequality has been announced by Huisken (see [11] ) and also very recently by Freire and Schwartz [22] . (1) g has zero scalar curvature (2) g and δ agree on ∂M 2 Other names for this type of estimate are the Aleksandrov-Fenchel inequality and the isoperimetric inequality for quermassintegrals [17] . Classically, it was proved for convex regions in R 3 by Minkowski [15] . 
where, as before, A 1 , . . . A k are the Euclidean areas of the components of ∂Ω.
In other words, we merely assume that g is conformal to a scalar-flat metric that agrees with the Euclidean metric on Σ in a suitable sense.
Proof. The proof is nearly identical to that of Theorem 5, with one additional step. First, note the conformal transformation laws for the scalar curvature and mean curvature are the same as in the proof of Theorem 5, with δ replaced by g. (Here we are using the fact that g is scalar-flat.) The only other issue in the extending the proof to this more general case is the following: the integral of ∂ ν (u) over a coordinate sphere at infinity measures the difference of the ADM masses of g and g:
where ν and dA are the unit normal and area form with respect to g. (Previously, in the case of Theorem 5,
To recycle the proof of Theorem 5, we need only show that m ADM (M, g) ≥ 0. Define a metricg on R n by gluing the metric g on R n \Ω and the metric δ defined on Ω. By construction,g is Lipschitz across Σ and is smooth and scalar-flat away from ∂Ω. Moreover, the mean curvatures of both sides of ∂Ω agree by hypothesis. By Shi and Tam's generalization of the Witten's spin version positive mass theorem (Theorem 3.1 of [23] ), the ADM mass of (M,g) is nonnegative (this uses the fact that R n is a spin manifold). The proof is complete, becauseg and g have the same ADM mass.
Remarks. Interestingly, Theorem 7 does not follow from the Riemannian Penrose inequality in dimensions 3 ≤ n ≤ 7, even if we decrease the right-hand side of (10) to
The RPI estimates m ADM (g) from below in terms of any area-outer-minimizing minimal surface S in (M, g). Certainly |S| g ≥ |S| g (since u ≥ 1), but |S| g need not be bounded below by |Σ| g = A (i.e., Σ need not be area-outer-minimizing in (M, g).
3.2.
Removing the hypothesis on scalar curvature. In Theorems 5 and 7, the nonnegativity of scalar curvature implied superharmonicity of the conformal factor u, which in turn implied u ≥ 1. Below we describe how to draw similar conclusions without assuming nonnegative scalar curvature. 
Note the weighting factor on the integral of scalar curvature is u −2 rather than u −1 as before, and this term may have any sign.
Penrose inequalities that include a weighted integral of scalar curvature may be of interest in proving the conjectured "general" Penrose inequality for slices of spacetimes that are not totally geodesic [8] .
Proof. Let g, u, and g be as in the statement of Theorem 7, except without the assumption that g has nonnegative scalar curvature. Since u → 1 at infinity and ∂M is compact, we know that u is bounded above and below by positive constants. Using the definition of asymptotic flatness to obtain appropriate decay on the derivatives of u, we have that the functions ∆u u and
is integrable, where div and ∇ are the g-divergence and gradient. Integrating by parts yields lim r→∞ Sr
where S r is the coordinate sphere of radius r, and dV , dA and ν are the volume form, area form, and unit normal with respect to g. In the first term above, the u in the denominator may be ignored, since u → 1 at infinity. Multiplying by the constant − 2 (n−2)ω n−1 , applying the conformal transformation laws for the ADM mass (11), mean curvature (7), scalar curvature (5), and volume form, and discarding the |∇u| 2 term yields the inequality:
where H is the mean curvature of Σ with respect to g. The hypothesis on g allows us to replace HdA with HdA. To complete the proof, apply the Minkowski inequality to Σ HdA as in the proof of Theorem 5, and use the nonnegativity of the ADM mass of g as in the proof of Theorem 7.
Inequalities for zero area singularities
We recall the idea of a zero area singularity, which is in a sense dual to the idea of a black hole as a minimal surface. Suppose M is a smooth manifold with smooth compact boundary ∂M . Let g be a smooth Riemannian metric defined on the interior M \ ∂M . A connected component S of ∂M is said to be a zero area singularity (ZAS) of g if for all sequences {S i } of hypersurfaces in M \ ∂M converging in the C 1 sense to S, we have
where |S i | g is the hypersurface area of S i with respect to g. (Note that C 1 convergence depends only on the smooth structure of M .) The study of ZAS was initiated by Bray [3] . For more details and precise definitions, see [7] and the survey paper [4] .
The motivating example of a manifold containing a zero area singularity is the Schwarzschild manifold of negative mass, described as follows. For n ≥ 3 and a real parameter It is not difficult to see that the boundary sphere ∂M is a ZAS of the metric g m , since the conformal factor vanishes on ∂M .
In the context of this paper, it is natural to restrict to the class of regular ZAS, which are singularities that arise from deforming a smooth metric by a conformal factor that vanishes on a boundary component. More precisely, a metric g has a regular ZAS on a boundary component Σ if, on a neighborhood U of Σ, we have the equality g = u 4 n−2 g, where g is a smooth Riemannian metric on U (up to and including on Σ) and u ≥ 0 is a smooth function on U vanishing only on Σ and satisfying ∂ ν u > 0 on Σ. (Here ν is the unit normal to Σ with respect to g, pointing into the manifold.) For instance, the singularity in the Schwarzschild manifold of negative mass arises from such a construction (where g = δ).
Analogous to the definition of the mass of a collection of black holes of total area A to be 
where dA is the area measure on Σ with respect to g [3, 4, 7] . This negative real number depends only on the local geometry of g near Σ (not on the pair (g, u)) and produces the value m for the ZAS in the Schwarzschild manifold of mass m < 0.
Motivated by the Riemannian Penrose inequality, Bray conjectured that in an asymptotically flat manifold (M, g) of nonnegative scalar curvature for which every component of the compact boundary Σ = ∂M is a ZAS of g, the ADM mass ought to be bounded below in terms of the ZAS mass:
This inequality remains a conjecture. Some special cases in which (13) is known are:
• n = 3 and Σ is connected (due to Robbins [16] , using inverse mean curvature flow),
n−2 g, where (M, g) satisfies the hypothesis of the Riemannian Penrose inequality (Theorem 2); see [3, 4, 7] , or • (M, g) is a graph over R n in Minkowski space R n,1 , and each of the ZAS is a level set of the graph function [14] . (But note that Lam's definition of m ZAS is somewhat different.) We emphasize that the positive mass theorem does not apply to manifolds that contain regular ZAS; such manifolds are incomplete and may have negative ADM mass. Therefore (13) may be viewed as a generalization of the PMT, providing a lower bound for the ADM mass of manifolds that contain singularities.
Setup: Our goal is to prove a weakened version of (13) in the conformally flat case. For n ≥ 3, suppose that Ω ⊂ R n is a smooth bounded open set, such that M = R n \ Ω is connected. Let Σ = ∂M . Assume u is a function on M with the following properties:
(1) u → 1 at infinity and g = u 4 n−2 δ is asymptotically flat, (2) u vanishes precisely on Σ, and (3) ∆u ≤ 0 (equivalently, g has nonnegative scalar curvature). By the maximum principle, u > 0 in the interior of M and ∂ ν (u) > 0 on Σ. Therefore, each component of Σ is a regular zero area singularity of g.
We first give a result that estimates the ADM mass m of (M, g) from below in terms of the ZAS mass and the Euclidean area A of Σ.
Lemma 9. With the above setup,
Proof. Integrating ∆u ≤ 0 over M gives the inequality (c.f. the proof of Theorem 5):
where m = m ADM (g). Apply Hölder's inequality, then add and subtract
At this point, we can invoke an argument of Bray [3, 7] , viewing the underbraced terms as a degree-two polynomial in the variable x = A ω n−1 n−2
Recognizing the first term on the right-hand side as m ZAS (Σ) completes the proof.
The estimate in Lemma 9 is unsatisfactory for the reason that the error term is additive rather than multiplicative. The following theorem provides a remedy. 
where
is the isoperimetric ratio of Ω. Here, A and V are the Euclidean area and volume of ∂Ω and Ω.
The classical isoperimetric inequality is the statement ι ≥ 1 [15] . Since m ZAS (Σ) < 0, the estimate of Theorem 10 is weaker than the conjectured inequality (13) . In the model case in which Ω is a round ball and u is harmonic (or equivalently, (M, g) is a negative-mass Schwarzschild manifold), the inequality is suboptimal by a factor of 5 4 . The idea of the proof is to use Lemma 9 in conjunction with an upper bound on the area A in terms of the isoperimetric ratio of Ω and the absolute value of the ZAS mass. Before proceeding, recall that the capacity of the bounded open set Ω ⊂ R n is the number:
where the infimum is taken over all locally-Lipschitz functions ψ on R n \ Ω that vanish on ∂Ω and approach one at infinity. (The geometric quantities in this expression are taken with respect to the Euclidean metric.) A standard exercise shows that the infimum is attained by the unique harmonic function ϕ that vanishes on Σ = ∂Ω and approaches one at infinity. Applying Stokes' theorem twice and invoking the boundary conditions of ϕ lead to the equivalent expression for the capacity:
By this convention, a unit ball in R n has unit capacity.
Proof of Theorem 10. Let ϕ be as above. By the maximum principle and the superharmonicity of u, we have ∂ ν ϕ ≤ ∂ ν u on Σ, so
Apply Hölder's inequality to the right-hand side to obtain:
The inequality of Poincaré-Faber-Szegö [15] (c.f. appendix A herein) relating the capacity of a region to its volume states:
Combining the last two inequalities, squaring, and rearranging, we have:
Using the definition of ZAS mass and isoperimetric constant, we have:
Combining (14) with the estimate from Lemma 9 establishes the result.
Remarks. Theorem 10 does not immediately generalize to background metrics other than δ in the sense of Theorem 7, for the reason that the capacity-volume inequality depends strongly on the global Euclidean nature of the region outside Ω. On the other hand, Theorem 10 requires no topological or convexity assumptions on Ω.
A mixed inequality for black holes and ZAS
Based on considerations in classical physics pertaining to potential energy, Bray conjectured that in an asymptotically flat manifold (of nonnegative scalar curvature) with boundary Σ consisting of area-outer-minimizing minimal surfaces Σ + (of total area |Σ + | g ) and zero area singularities Σ − , the ADM mass ought to be bounded below as follows [3, 7] :
Consider this problem in the conformally flat case, with the following setup. Suppose that Ω + and Ω − are smooth bounded open sets in R n whose closures do not intersect. Assume that Ω + is mean-convex and every connected component is star-shaped. Set Ω = Ω +∪ Ω − , and assume M = R n \ Ω is connected. Let Σ ± be the connected components of ∂Ω ± in M , so ∂M = Σ +∪ Σ − . Let u ≥ 0 be a smooth function on M with the following properties:
(1) u vanishes precisely on Σ − , (2) u → 1 at infinity and g = u 4 n−2 δ is asymptotically flat, (3) ∆u ≤ 0 (equivalently, g has nonnegative scalar curvature away from Σ − ), and (4) Σ + has zero mean curvature with respect to g. Equivalently,
In the metric g, each component of Σ + is a minimal surface, and each component of Σ − is a regular ZAS. (Note ∂ ν u > 0 on Σ − by the maximum principle.) We make the ad hoc assumption that u ≥ 1 on Σ + and proceed as follows. First, integrate ∆u ≤ 0 over M . Arguments from Theorem 5 and Lemma 9 give the inequalities:
, where A ± is the Euclidean area of Σ ± . We essentially apply the same steps as in the proof of Theorem 10. Let ϕ be the δ-harmonic function on M \Ω − that vanishes on Σ − and tends to one at infinity. Since u = 0 on Σ − , u ≥ 1 on Σ + by assumption, and u is superharmonic, we have ∂ ν ϕ ≤ ∂ ν u on Σ − . Running through the same argument as in Theorem 10 leads to:
where ι − is the isoperimetric constant of Ω − . This is a weakened version of the conjectured inequality (15) , assuming u ≥ 1 on Σ + .
An interesting open problem in elliptic PDE is to determine whether u ≥ 1 on Σ + is automatic for a superharmonic function u with the above boundary conditions.
Concluding remarks
In the Riemannian Penrose inequality (Theorem 2), it is well-known that the hypothesis that the boundary Σ be area-outer-minimizing is crucial. Indeed, one may easily construct examples of rotationally-symmetric, asymptotically flat manifolds (M, g) of nonnegative scalar curvature and minimal boundary Σ of area A such that the ratio m ADM (g)/A n−2 n−1 is arbitrarily small. In this case, Σ is "hidden" behind some area-outer-minimizing minimal surfaceΣ of areaÃ, and the Riemannian Penrose inequality holds for the region exterior toΣ (see figure 1 of [12] ).
The theorems of this paper do not require the boundary to be area-outer-minimizing, which is perhaps philosophically the reason why we do not recover a sharp version of the RPI for conformally flat manifolds. This phenomenon (together with the difficulty of utilizing the area-outer-minimizing hypothesis) was pointed out by Bray and Iga [6] . Nevertheless, rotationally-symmetric manifolds are conformally flat, so the above examples of hidden minimal surfaces make it surprising that we can prove any inequality at all.
Appendix A. The Poincaré-Faber-Szegö capacity-volume inequality For reference, we include a proof of the capacity-volume inequality in dimension n ≥ 3, based entirely on the n = 3 case of [15] . Recall the definition of capacity from section 4. 
where cap(Ω) and V are the capacity and volume of Ω, respectively.
Proof. Let ϕ be the unique function on R n \ Ω that vanishes on ∂Ω, is harmonic on R n \ Ω, and approaches 1 at infinity. Then (n − 2)ω n−1 cap(Ω) = R n \Ω |∇ϕ| 2 dV.
For t ∈ [0, 1), let Σ t be the level set ϕ −1 (t) (smooth for almost every t). By the co-area formula,
where dA t is the area form on Σ t . By the Schwarz inequality,
where |Σ t | is the area of Σ t . Combining the last equality and inequality produces:
Let V (t) be the volume of the region bounded by Σ t , so again by the co-area formula: 
where we have used the isoperimetric inequality on the second line. Let R(t) be the radius of the sphere that has volume equal to V (t), i.e., V (t) = β n R(t) n . Then V ′ (t) = nβ n R(t) n−1 R ′ (t), so
having used the fact nβ n = ω n−1 . Now, letΩ be the open ball about the origin with the same volume as Ω. LetΣ t be the sphere about the origin of radius R(t), with area form dÃ t . Letφ be the function that equals t onΣ t . We continue inequality (17) , using the fact that ω n−1 R(t) n−1 = Σ t dÃ t and the observation that |∇φ| = 1 R ′ (t) onΣ t :
(n − 2)ω n−1 cap(Ω) ≥ where on the last line we used the definition of the capacity ofΩ and the fact thatφ is locally-Lipschitz with appropriate boundary conditions. It is easy to check that equality in (16) holds for round balls. Since Ω has the same volume asΩ, the proof is complete.
